Abstract-Two-level multiphase voltage source inverters (VSIs) are typically used as the supply for multiphase machines. Such machines are often with concentrated winding in which case, certain low-order stator current harmonics are injected to provide torque enhancement. Also, a multimotor drive system can be realized by connecting a number of multiphase machines in series, using phase transposition while supplying the whole system from a single multiphase VSI. In both situations, it is important to know the limits of the inverter operation in the linear modulation region. This paper develops a simple method that enables analytical determination of the boundaries of the linear modulation region for all multiphase inverters with a prime number of phases. The limits are independent of the actual pulse width modulation (PWM) method utilized, and are equally applicable to both carrier-based and space vector PWM techniques. Theoretical considerations are verified experimentally using the five-phase and seven-phase VSI rigs.
with. If the winding is sinusoidally distributed, the VSI must supply the machine with fundamental voltage harmonic only, without any low-order harmonics. Numerous PWM methods, aimed at sinusoidal output voltage generation with multiphase inverters, have been developed in recent times [3] [4] [5] [6] [7] [8] [9] [10] . Most of these works have discussed five-phase and seven-phase VSIs.
If a machine with sinusoidal winding distribution is supplied from a multiphase VSI, determination of the dc-bus utilization in the linear modulation region is straightforward. It has been shown that, for a five-phase VSI, both carrier-based methods with the zero-sequence injection and the space vector PWM method allow an increase of 5.15% in the dc-bus utilization, when compared to the simplest sinusoidal modulation without any zero-sequence signal injection [6] , [10] . In case of a sevenphase VSI, an increase of 2.57% in the dc-bus utilization is achievable, again with both carrier-based and space vector PWM [5] , [7] .
The number of phases n of the machine/VSI is further assumed to be a prime number. Such a multiphase machine (VSI) can be modeled using vector space decomposition (VSD) [11] . Assuming star connected stator winding with isolated neutral, modeling leads to the representation of the machine/inverter in (n − 1)/2 mutually orthogonal and decoupled planes. Earlier described situation, which arises in machines with sinusoidal stator winding distribution, means that only the first plane (d 1 − q 1 ) of (n − 1)/2 planes is excited, while the inverter output voltage is zero in all the other planes (neglecting switching harmonics). The situation, however, changes substantially if a machine is with the concentrated stator winding. In such a case, all odd supply harmonics of the order lower than the phase number n can be utilized for torque production (for example, the first and the third in a five-phase machine, the first, the third, and the fifth in a seven-phase machine, etc.). As far as the VSI is concerned, this means that it has to generate a multifrequency output voltage, with, in principle, one voltage component (harmonic) per each of the (n − 1)/2 planes (d 1 − q 1 , d 2 − q 2 , d 3 − q 3 , . . .). Appropriate PWM-control schemes for such output voltage generation with VSIs have also been developed, for example, for five-phase VSIs [12] [13] [14] .
The third situation that may arise is the use of multiphase machines with an appropriate series connection of stator windings and the supply coming from a single multiphase VSI [15] , [16] . Phase transposition, introduced in the series connection, essentially leads to independent control of, in general, (n − 1)/2 multiphase machines. This requires that the inverter generates at the output again one voltage component per each of the (n − 1)/2 planes. The only but important difference as compared to the case of a single multiphase machine with concentrated winding is that in this case, required voltage components in different planes are completely unrelated. Appropriate PWM schemes for series-connected multiphase machines, that enable multifrequency output voltage generation, have been developed in [17] and [18] .
On the basis of the explanations given before, it is obvious that from the inverter point of view, supply of a machine with concentrated stator winding is the same as the supply of a seriesconnected multiphase multimotor drive system. In both cases, the VSI has to generate an output voltage that contains (n − 1)/2 voltage components (harmonics), which belong to different planes [one per each of the (n − 1)/2 planes].
In any inverter-fed drive, it is of utmost importance to determine the limit(s) of the dc-bus voltage utilization in the linear modulation region. For example, if the inverter dc-bus voltage is of a certain value, it is crucial to understand how much of the available dc-bus voltage can be allocated to the third harmonic injection for a given fundamental in a concentrated winding machine, or how much can be allocated to the second machine in a series-connected five-phase two-motor drive for a given fundamental of the first machine. However, regardless of the extensive work that has been done regarding PWM techniques for multifrequency output voltage generation [12] [13] [14] , [17] , [18] , there is no indication that dc-bus utilization has been explored in a systematic manner.
The aim of this paper is, therefore, to present a simple analytical method, which enables determination of boundaries of the linear modulation region for any multiphase VSI with an odd (prime) number of phases. Since series-connected multiphase machines can have completely arbitrary voltage requirements, only magnitudes of phase voltages of machines are considered (frequencies and phase shifts are disregarded), and appropriate relations with the dc-bus voltage are established. Detailed considerations are given for the five-phase and the seven-phase case, with subsequent generalization to higher phase numbers. An important characteristic of the presented method is its complete independence from the applied PWM technique. Theoretical study is fully verified experimentally using custom designed five-phase and seven-phase experimental rigs.
II. MULTIFREQUENCY OUTPUT VOLTAGE GENERATION WITH MULTIPHASE VSIS
As noted, VSD modeling approach enables representation of the machine/inverter in (n − 1)/2 mutually orthogonal and decoupled planes. Low-order harmonics of the inverter supply map into different planes, according to the well-known rules [11] . Table I illustrates harmonic mapping for a five-phase and a seven-phase system. The lowest harmonics that produce a torque ripple are the 9th and 11th in a five-phase machine and 13th and 15th in a seven-phase machine. They map into the first (d 1 − q 1 ) plane together with the fundamental. However, other low-order harmonics map into other planes: the third and the seventh of a five-phase VSI and the fifth and the ninth of a seven-phase VSI map into the second (d 2 − q 2 ) plane, while the 3rd and the 11th harmonic of a seven-phase VSI map into the third (d 3 − q 3 ) plane. The lowest order harmonic in each plane can be used to enhance the torque production (the third in the five-phase and the third and the fifth in the seven-phase drive). Harmonic mapping, depicted in Table I , is the consequence of the decoupling transformation matrix for multiphase systems [19] . As far as series-connected multiphase drives are concerned, mapping of fundamentals of (n − 1)/2 machines into corresponding (n − 1)/2 planes is the consequence of the physical phase transposition introduced in the series connection of stator windings [15] , [16] . Hence, from the inverter point of view, 1 a series-connected multimotor drive system and a concentrated winding machine with stator current injection can be both represented with the same schematic diagrams. This is illustrated in Figs. 1 and 2 for a five-phase and a seven-phase system, which constitute the basis for further development. The analogy is explained in more detail in Appendix A for the five-phase case of Fig. 1 .
III. DC-BUS UTILIZATION IN MULTIPHASE VSIs

A. Three-Phase System
A three-phase system is briefly reviewed first since subsequent analysis relies on the same principles. Maximum level of the dc-bus voltage utilization is customarily determined for a three-phase VSI by an analysis of the line voltage of the machine. To start with, modulation index M i is defined as the ratio Fig. 2 . Illustration of the required VSI output voltage generation in three planes of the seven-phase system (three-motor series-connected drive system or a concentrated winding machine with the fifth and the third harmonic injection). of the phase voltage fundamental peak value V 1 and one-half of the dc-bus voltage V dc
Using this definition, phase and line voltages of a machine can be expressed as functions of the modulation index. For a three-phase system, maximum utilization of the dc-bus voltage (i.e., limit of the linear modulation region) is reached when peak value of the line voltage becomes equal to the dc-bus voltage. Since in a three-phase system, all line voltages are of the same magnitude [phasor diagram is shown in Fig. 3(a) ], it is sufficient to consider only one line voltage, referenced to phase "a." From Fig. 3(a) and (1), simple trigonometry yields
From (2), the maximum value of the modulation index is
This is the well-known maximum value of the modulation index for continuous PWM methods [20] . This basic principle is now extended to multiphase systems.
B. Multiphase Systems
In a five-phase system, there are two different groups of line voltages, with regard to their magnitudes [see Fig. 3(b) ]. The first group is the adjacent line voltages. Their magnitude, as a function of the modulation index, is given with
Similarly, magnitude of nonadjacent line voltages can be expressed as [see Fig. 3 
(b)]
As with a three-phase system, limit of the linear modulation region is obtained when peak value of the largest line voltage reaches value of the dc-bus voltage. Thus, by equating (5) to the value of the dc-bus voltage, one finds that the maximum value of the modulation index in a five-phase system is
the value already established in [6] and [10] . Finally, in a sevenphase system [see Fig 
In the same manner as before, the maximum value of the modulation index in the linear modulation region is obtained as equal to M max = 1/cos(π/14) = 1.0257 [5] , [7] .
The values of the maximum modulation index in the limit of the linear modulation region, established here and already known in literature [5] [6] [7] , [10] , are valid as long as the inverters are required to operate with sinusoidal output voltage (i.e., reference voltages are zero in all the planes other than d 1 − q 1 ). As shown in [10] , the maximum modulation index is related to the phase number n through M max = 1/ cos(π/2n).
C. Multifrequency Output Voltage Generation in a Five-Phase System
In this case, the inverter has to generate a voltage component in both planes of 
The worst-case scenario is considered further on. Since two individual line voltages in planes d 1 − q 1 and d 2 − q 2 [righthand side in (8) and (9)] are, in general, unrelated and of arbitrary frequencies, magnitudes, and phase shifts, the worst possible situation arises when these voltages reach the peak values in the same time instant. Hence, to establish limits of the dc-bus utilization, one substitutes expressions (4) and (5) into (8) and (9) Rearranging (10) and (11) gives the constraints that have to be satisfied if PWM operation is to remain in the linear modulation region
These two equations define an area when plotted in a coordinate system with modulation indexes M 1 and M 2 as axes. Graphical representation of (12) and (13) is shown in Fig. 4 . Any operating point (i.e., any combination of the two modulation indices) within the shaded area is available in the linear modulation region. In the special case when modulation indexes in the two planes are equal (M 1 = M 2 = M max , one finds from (12) or (13) that M max = 0.6498. This is a considerably larger value than the one that would have resulted had the planes in Fig. 1 not been transposed (i. e., 1.0515/2 = 0.52575).
D. Multifrequency Output Voltage Generation in a Seven-Phase System
It is possible to establish relations between permissible values of the modulation indexes and the available dc-bus voltage for a seven-phase VSI using the same procedure as in the previous section. Due to the transposition between the three planes of Fig. 2 , each inverter line voltage is a sum of three different line voltages defined in (7) . Thus, the inverter line voltages are of the form
Once more, the worst-case scenario is explored by assuming that all line voltages in each plane may reach peak values in the same time instant. The following constrains then result by combining (7) and (14)
Here, M 1 , M 2 , and M 3 stand for modulation indexes of the three planes of Fig. 2 . Since (15) consists of three inequalities, the possible combinations of the modulation indexes can be visualized in a 3-D space, where each modulation index is assigned to one of the axes. However, it is interesting to at first explore the availability of the dc-bus voltage under the condition that one of the three modulation indexes (in any of the three planes) is zero. Assuming, for example, that M 3 = 0, system (15) 
Solving (16) for this particular case and (15) for other two cases (when either M 1 = 0 or M 2 = 0), an area in 2-D plane is obtained, which determines boundaries of the available modulation indexes of a seven-phase VSI when only two (out of three) planes of Fig. 2 are excited. The solution is the same regardless of which modulation index is set to zero and is shown in Fig. 5 , where the pair of axes (M x , M y ) corresponds to combinations
. It can be noted that there is an inherent asymmetry in the relations among any two of the modulation indexes of the planes. The reason is the existence of three different line voltages in each plane and the way in which these voltages are summed due to the transposition between planes. When one plane is not excited, the inverter line voltages are not all the same [in the sense of (14)] any more. It can be observed in Fig. 5 that one of the dotted lines [solution of the first row of (16)] does not play any role in the determination of the dc-bus utilization.
To illustrate the complete solution when all three planes of a seven-phase VSI are excited, three planes determined with (15) (17) is considerably higher than the value that would have been obtained without phase transposition between the three planes of Fig. 2 (1.0257/3 = 0.342) .
Six different four-sided polygons, which bound the volume in the 3-D space, and therefore, characterize dc-bus voltage utilization, can be identified (see Fig. 6 ). Three of them correspond to the one shown in Fig. 5 , valid when one of the modulation Table II .
IV. GENERALIZATION FOR HIGH PHASE ORDER NUMBER
On the basis of the analysis of the five-phase and the sevenphase VSI dc-bus utilization, detailed in the previous section, it is possible to generalize the approach for any n-phase system, described with (n − 1)/2 planes (n = prime number). This comes down to the determination of expressions for inverter line voltages in the same manner as for the five-phase and sevenphase systems. Normalized (with respect to the dc-bus voltage) constraints can be given in general matrix form as 
By extracting rows of (18) for any given phase number n of a multiphase system, set of (n − 1)/2 inequalities can be obtained that define boundaries of the dc-bus voltage utilization in the linear PWM region. An obvious difficulty is a lack of means for graphical visualization of the complete solution for any phase number greater than seven, since one deals with more than three modulation indexes (more than three d − q planes). It can be Fig. 7 . Graphical illustration of the data given in Table III. easily verified that (18) reduces to (12), (13) , and (15) for the five-phase and the seven-phase system, respectively.
Using (18) , the coordinates of the point in which M max results (that are all the same) can be expressed as
Application of (19) in conjunction with 11-phase and 13-phase systems yields the values of 0.2876 and 0.2428, respectively. Table III illustrates numerical values for odd prime phase numbers up to 13. The first row shows maximum value of the modulation index for purely sinusoidal (single-frequency) output, which corresponds to (3) and (6), and is denoted as M * max . The second row illustrates the maximum value of the modulation index M max that can be reached simultaneously in all planes, when all planes are excited (multifrequency output). Finally, the third row shows the product of the number of planes (machines) and the second row. A graphical illustration of the data in Table III is shown in Fig. 7 .
On the basis of numerical values in Table III and Fig. 7 , it can be concluded that: 1) value of the maximum modulation index approaches unity as the number of phases increases for purely sinusoidal output voltages; 2) with simultaneous and equal amplitude excitation in all planes, the value of the maximum modulation index M max decreases as the phase number increases; and 3) the product of the number of planes (n − 1)/2 and the maximum modulation index M max increases as the number of phases increases, and is in the 13-phase systems 45% higher than with single-frequency excitation. This is the consequence of the phase transposition in connection of the planes, Figs. 1 and 2, (A1).
V. EXPERIMENTAL VERIFICATION
In order to experimentally verify the established boundaries that govern dc-bus utilization in five-phase and seven-phase VSIs, a carrier-based PWM scheme that follows the methodology of [17] is used to create switching functions (m i ) for multiphase inverter legs. General layout of a carrier-based modulator for an n-phase VSI is shown in Fig. 8 . On the left-hand side of Fig. 8 , one has sinusoidal references for each plane, defined by means of the magnitude (i.e., modulation index) and frequency for each plane (M i , f i ). Set of these sinusoidal references is then summed using phase transposition, illustrated in Figs. 1 and 2 for the five-phase and seven-phase systems. The carrier signal is of a triangular waveform, with peak values of ±1.
To explain the need for zero-sequence injection, two sets of sinusoidal references are provided at the input of the modulator in Fig. 8 . The sets correspond to an operating point in the limit of the linear modulation region in Fig. 4 (five-phase system, point denoted as Z), and are such that M 1 = 0.7 (at 33 Hz) and M 2 = 0.5687 (at 27 Hz). Fig. 9 (upper part) illustrates the resulting modulating signals after the "summing with phase transposition" block of Fig. 8 . It is evident that the modulating signals are highly asymmetrical and that they exceed the range of the carrier (i.e., over-modulation takes place). However, the instants of clamping to the upper dc-bus rail and to the lower dc-bus rail do not coincide, meaning that clamping occurs in only one of the inverter legs. To alleviate this problem and enable full dc-bus voltage utilization in the linear region, it is necessary to modify the modulating signals by centering positive and negative peaks with respect to the mid-point of the range that they span (around zero in Fig. 9 ). To perform the centering, zero-sequence signal, determined by maximum and minimum values of the modulating signals
is injected [17] . Addition of the zero-sequence signal modifies modulating signals, as shown in the bottom part of Fig. 9 , and thus enables full dc-bus utilization. It can be seen that after adding zero-sequence signal, envelopes (shown as bold trace in both parts of Fig. 9 ) that correspond to positive and negative peak values of the modulating signals appear as mirrored images. This will guarantee that dc-bus utilization is maximized and that clamping occurs simultaneously in two inverter legs when the limit of the linear modulation region is reached. Results shown in Fig. 9 further confirm that the zero-sequence signal (20) , widely used in three-phase systems, is also valid for higher phase numbers, as well as for multifrequency output voltage generation in multiphase systems. Results similar to those of Fig. 9 but for a seven-phase system, which further confirm validity of (20) for higher phase numbers with multifrequency output voltage generation, are given in Appendix B, together with the derivation of (20) . Carrier-based modulator of Fig. 8 has been implemented in TMS320F2812 DSP. Value of the dc-bus voltage is in all experiments around 600 V, and the switching frequency is set to 5 kHz. There is no compensation of inverter dead time and semiconductor voltage drops, since these are irrelevant for the purposes of this paper (their main consequence is slightly lower output voltage than the reference). Output voltage is measured using a low-pass filter (with cutoff frequency of 1.6 kHz) and HP35665A dynamic signal analyzer. Only inverter voltage is shown further on (a detailed study of the steady-state modeling and behavior of the five-phase two-motor series-connected drive system, including measured steady-state current and its spectrum, has been reported in [21] ).
A. Five-Phase VSI
The experimental setup consists of two series-connected fivephase induction machines and a nine-phase inverter (used here in five-phase configuration), as illustrated in Fig. 10 . The simplest V /f control law is applied for control purposes. The basic idea in the experimental verification is that as long as the inverter operates in the linear modulation region, the output voltage will contain only frequency components that correspond to the references. Since the machines are identical and V /f control law is, therefore, the same (see Appendix C), operation in the point M max in Fig. 4 means operation with the same frequencies. As this would appear as a single-frequency component in the spectrum, operation in the very vicinity of the already utilized point Z of Fig. 4 in the limit of the linear modulation region is examined experimentally instead. Hence, M 1 = 0.699 at 33 Hz and M 2 = 0.5539 at 26 Hz. 2 Experimentally recorded inverter phase "A" voltage and its spectrum are shown in Fig. 11 for this operating condition. As can be seen from Fig. 11 , the inverter generates required two fundamentals at required frequencies without any low-order harmonics, indicating that operation is in the linear modulation region. The two fundamentals, which appear in the two different planes of Fig. 1 , are just a few percent below the corresponding reference values (148.3 and 117.5 V rms), due to the uncompensated inverter nonlinearities.
In the second test, the settings are changed to M 1 = 0.6369 at 30 Hz and M 2 = 0.5533 at 25 Hz. Since M 1 + M 2 = 1.1902 > 1.0515, operation is again in a point of Fig. 4 , where overmodulation would have resulted had there not been phase transposition in connection of the planes in Fig. 1 . Results for this operating condition of the two-motor drive are shown in Fig. 12 . Once couple of percent lower that the corresponding rms references (187.7 and 66.8 V).
In the second experiment, operation in point G of Fig. 6 is examined. Modulation indexes are, therefore, set to the same value M 1 = M 2 = M 3 = 0.4565, and frequencies are arbitrarily selected as 27, 37, and 47 Hz, respectively, in the three planes. Experimental results are shown in Fig. 15 . As can be seen, all three fundamentals are correctly generated, are of the same rms values (again just slightly below the reference, which is 96.8 V rms), and the spectrum does not show existence of any other low-order harmonics, thus confirming that the inverter operates in the linear modulation region.
To illustrate the operation in the overmodulation, an operating point outside the volume of Fig. 6 is considered in the third experiment. The frequencies of three sets of references are kept the same as in the previous case, but modulation indexes are increased to M 1 = M 2 = M 3 = 0.65. Phase voltage and its spectrum are now as shown in Fig. 16 . It is obvious that the inverter now operates in the overmodulation region, since the spectrum contains a whole range of low-order harmonics (including subharmonics).
VI. CONCLUSION
The paper extends the basic principle of determination of the limit of the linear modulation region, widely utilized for threephase inverters, to multiphase inverters with an arbitrary prime number of phases. It is shown that from the point of view of the dc-bus voltage utilization, the supply of a machine with a concentrated stator winding is analogous to multiphase seriesconnected multimotor drives (that use machines with sinusoidal winding distribution). The inverter is required to generate more than one frequency component at the output, such that these voltage components appear in different and mutually orthogonal planes of a multidimensional space. Due to the phase transposition that exists between these planes, dc-bus utilization in the linear modulation region is better than it would have been had all the required voltage components belonged to the same plane.
It is shown that the dc-bus voltage utilization of a five-phase VSI is governed with an area in the (M 1 , M 2 ) plane. In the case of a seven-phase VSI, linear PWM is obtainable as long as the three modulation indexes determine a point that belongs to the volume in the (M 1 ,M 2 ,M 3 ) 3-D space. The principle is further extended to higher prime phase numbers, where a corresponding graphical representation is not possible any more.
Developed method is entirely independent of the applied method of pulsewidth modulation, and is equally applicable to both space vector and carrier-based PWM. Theoretical considerations are verified experimentally using a series-connected two-motor five-phase induction motor drive and a static load supplied from a seven-phase VSI.
APPENDIX A
The analogy between the series-connected multimotor drives and concentrated winding machines from the point of view of the VSI stems from the use of the decoupling (Clarke's) transformation matrix C [19] , which, for a five-phase system, has the form C = 2 5
cos α cos 2α cos 3α cos 4α 0 sin α sin 2α sin 3α sin 4α 1 cos 2α cos 4α cos 6α cos 8α 0 sin 2α sin 4α sin 6α sin 8α
(A1) Here α = 72
• . By comparing (A1) with the arrangement of Fig. 1 , it can be seen that the placement of the second machine corresponds to the second pair of rows in (A1). This corresponds to the second motor in a series-connected five-phase two-motor drive. On the other hand, by applying (A1) in conjunction with a five-phase set of variables that contain low-order harmonics in addition to the fundamental, harmonic mapping shown in Table I for the five-phase system results. In other words, the second pair of rows in (A1) produces harmonics in the d 2 − q 2 plane, which are the third, seventh, etc., for a five-phase system. 
APPENDIX B
An illustration of the zero-sequence injection described with (20) is provided first for the seven-phase system. The same conditions as in the experimental results of Fig. 15 are considered, so that M 1 = M 2 = M 3 = 0.4565 at 27, 37, and 47 Hz. Resulting modulating signals before and after zero-sequence injection are shown in Fig. 17 . As can be seen from the results, application of the zero-sequence injection according to (20) has again the effect of returning modulating signals into the region (−1,1) . The zero-sequence signal obtained by means of (20) is also shown in Fig. 17 . Due to the modulating signals that contain three sinusoidal components of different frequencies, zero-sequence signal is a rather complicated function.
Expression (20) is valid regardless of the phase number and regardless of the form of the original modulating functions. To prove this statement, consider a set of modulating signals of any form, for any phase number. In any particular instant in time, it is possible to find the maximum and minimum values within this set, V max and V min . The role of the zero-sequence injection is to alter these values, so that they become after zero-sequence injection V max , V min , where
Since the zero-sequence injection performs centering within the interval (−1,1) , then after zero-sequence injection, one has
By substituting (B1) into (B2), one obtains
APPENDIX C
The V /f control law, applied in conjunction with the twomotor five-phase series-connected drive in experiments, is illustrated in Fig. 18 .
